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Summary
In 1999, Iwan Duursma defined the zeta functions for linear codes. They are
constructed from the weight enumerators of codes. The author first exdended Du-
ursma’s theory to so-called “formal weight enumerators” in [2]. In this article, we
define zeta functions for invariant homogeneous polynomials which do not have the
term of $x$ only, and study some properties of them.
1
zeta Duursma . $p$ \sim $=p^{7}$
.
$(r\geq 1)$
, $C$ $\mathrm{F}_{q}$ $[n, k, d]$ . $c\in C$ Hamming $\mathrm{w}\mathrm{t}(c)$
. A –$-\#\{c\in C ; \mathrm{w}\mathrm{t}(c)=i\}$ ,
$W_{C}(x, y):= \sum_{i=0}^{n}A_{i}x^{n-i}y^{i}$
$C$ . $x,$ $y$ $n$ . 1999 , [4] $1_{\sqrt}\mathrm{a}$
Iwan Duusma zeta , :
1.1 $C$ , $n-d$ $P(T)\in \mathrm{Q}[T]$ 1 ,
$\frac{P(T)}{(1-T)(1-qT)}(y(1-T)+xT)^{n}=\cdots+\frac{W_{C}(x,y)-x^{n}}{q-1}T^{n-d}+\cdots$




$P(T)$ , Duursma ]$\sqrt{}^{\mathrm{a}}$ ,
[1, pp.92-93], [8, p.44], [2, pp.32-33] .




$(g=n/2+1-d)$ . zeta ( zeta )
, Riemann
:
L2 $C$ , zeta $P(T)$ . $P(T)$ $\alpha$
,
$| \alpha|=\frac{1}{\sqrt{q}}$
, $C$ Riemann .
Riemann ,
, Duursma
L3 $\mathrm{E}\mathrm{x}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{l}$ Riemann .
([6]). , $\mathrm{F}_{q}$ ,
extremal . Type IV
([7]).
1.1 , $P(T)$ , $W_{C}(x, y)$
, $x,$ $y$ $n$
(cf. [1, p.93], [2, p.33], [8, p.45]). MDS
( ) zeta Duursma
. ,
$W(x, y)=x^{n}+ \sum_{i=d}^{n}A_{i}x^{n-i}y^{i}$ $(A_{d}\neq 0)$ (1.2)
zeta $P(T)$ , ([2, p.40],
[1], [2], [8] ). ,
, formal weight enumerator (cf. [11])
. (1.2) , Type II
,





)1 $\sigma=(\begin{array}{ll}a bc d\end{array})$ $f(x, y)$ $f^{\sigma}(x, y)=f(ax+by, cx+dy)$
.
(1.2) formal weight enumerator , $q=2$ zeta $P(T)$
,
$P(T)=-P( \frac{1}{2T})2^{g}T^{2g}$
$(g=n/2+1-d)$ , Riemann Duursma
Formal weight enumerator $W(x, y)$ Riemann
$\mathrm{d}\mathrm{e}\mathrm{f}\Leftrightarrow.P(T)$
$\alpha$ $| \alpha|=\frac{1}{\sqrt{2}}$
([2, p.42]). ( $‘ \mathrm{e}\mathrm{x}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{l}$ formal weight enumerator”





, [2, \S 5] , formal weight enumerators Type II
, $\mathrm{C}[x, y]^{G_{8}}$ ( $G_{8}$ Shephard-Todd [12]




$\not\in_{\mathrm{i}}\mathit{0}\supset \mathrm{z}\mathrm{e}\mathrm{t}\mathrm{a}\text{ _{}\wedge\backslash }\grave{3}\not\in_{3}\{\ni \text{ }h,q=21\backslash A\mathrm{f}n_{\mathrm{f}\mathrm{i}\mathrm{f}\mathrm{i}^{\backslash }\hslash P(T)=-P(\frac{1(}{qT})\iota 05\ovalbox{\tt\small REJECT}\#\mathit{1}^{f}\text{ ^{}\backslash }\text{ }arrow}-C^{\backslash }\backslash ?\mathrm{b},W^{\sigma_{q}}(x,y)=-Wx,$
$y)\text{ ^{}\backslash }\grave{;}\ovalbox{\tt\small REJECT}^{\wedge}.\text{ _{}\vee}\text{ _{}]\check{2}}\neq x(1.2)\text{ }\#’\nearrow\backslash q^{g}T^{2g}\text{ }\backslash -\backslash r\text{ }f3;\mathrm{R}fl\text{ }\nearrow \text{ }W(x, y)$
. $q=3$ [3, \S 4] ,
$\mathrm{r}_{\mathrm{e}\mathrm{x}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{a}1}$ Riemann $?$ .
, , zeta
, ,
$f(x, y)= \sum_{i=d}^{n}A_{i}x^{n-i}y^{i}$ $(A_{i}\in \mathrm{C}, A_{d}\neq 0)$ (1.4)
. , $q\in \mathrm{N}(q\geq 2)$ , $f^{\sigma_{q}}=f$
(Duursma , , zeta
).
, Duursma ( 1.1) 4
$\mathrm{a}$







$f(x, y)$ (1.4) $d\geq 2$ ( ), $q\in \mathrm{N},$ $q\geq 2$ .
2.1 $f(x, y)$ $n-d$ $P_{fq},(T)\in \mathrm{C}[T]$ 1
,
$\frac{P_{f,q}(T)}{(1-T)(1-qT)}(y(1-T)+xT)^{n}=\cdots+\frac{f(x,y)}{q-1}T^{n-d}+\cdots$
. $P_{f,q}(T)$ $f(x, y)$ zeta , $Z_{f,q}(T):=Pf,q(T)/\{(1-T)(1-qT)\}$
$f(x, y)$ zeta .
, $q(T)$ 1.1 . (1.3) $\sigma_{q}$
$P_{f,q}(T)$ , $Z_{f,q}(T)$ :
22 $q\in \mathrm{N},$ $q\geq 2$ $f^{\sigma_{q}}(x, y)=f(x, y)$ , :
(i) $\deg P_{f,q}=2g$ $.(g=n/2+1-d)$ .
(ii) $P_{f,q}(T)=Pf,q( \frac{1}{qT})q^{g}T^{2g}$ ( ).
(iii)(1-T) $(1-qT)|P_{f,q}(T)$ .
(iii) , 2.1 , $Z_{fq},(T)$
.
23 $q\in \mathrm{N},$ $q\geq 2$ $f^{\sigma_{q}}(x, y)=f(x, y)$ , $q’\in \mathrm{N},$ $q’\geq 2$





, $q$ , $f(x, y)$ ( , [
).
, zeta , Riemann
. , $P_{f,q}(T)$ (2.1) $Z_{f}(T)$
. :
24 $R>0$ , $Z_{f}(T)$ $\alpha$ $|\alpha|=R$ ,
$f(x, y)$ Riemann .
, $Z_{f}(T)$ $f(x, y)$ Rie-
mann .






$f_{m}(x, y)$ $=$ $\{xy(x^{2}-y^{2})\}^{m}$ $(\deg f_{m}=4m)$ ,
$g_{m}(x, y)$ $=$ $\{xy(x^{4}-y^{4})\}^{m}$ $(\deg g_{m}=6m)$ ,
$h_{m}(x, y)$ $=$ $\{y(x^{3}-y^{3})\}^{m}$ $(\deg g_{m}=4m)$ , (3.1)
$t_{m}(x, y)$ $=$ $\{y(x^{2}-y^{2})\}^{m}$ $(\deg g_{m}=3m)$ ,
$u_{m}(x, y)$ $=$ $\{y(x-y)\}^{m}$ $(\deg g_{m}=2m)$ ,
, $m\geq 2$ . , .
, Type I $\mathrm{C}[x^{2}+y^{2}, f_{2}(x, y)]$ ,
Type II $\mathrm{C}[x^{8}+14x^{4}y^{4}+y^{8}, g_{4}(x, y)]$ , Type III $\mathrm{C}[x^{4}+8xy^{3}, h_{3}(x, y)]$ , Type
IV $\mathrm{C}[x^{2}+3y^{2}, t_{2}(x, y)]$ , , $q$ , $\mathrm{F}_{q}$
$\mathrm{C}[x^{2}+(q-1)y^{2}, u_{1}(x, y)]$ (cf. [9, Chap.19], $m=1$
).
$u_{m}(x, y)$ , :
3.1 $m\geq 2$ , $Z_{u_{m}}(T)$
$\mathrm{B}_{j}\mathrm{i}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{I}\ln$ .
32 $m\geq 2$ , $t_{m}(x, y)$ $R=1/2(=1/\sqrt{4})$ Riemann
. , $Z_{t_{m\backslash }^{(T)}}$ $\alpha$ $|\alpha|=1/2$ .
, :
3.3 $m\geq 2$ , $f_{m}(x, y),$ $g_{m}(x, y)$ $R=1/\sqrt{2}$ Riemann
, $h_{m}(x, y)$ $R=1/\sqrt{3}$ Riemann .
, $q$ $\sigma_{q}$ ,
zeta $q$ . , Riemann ,
$q$ . ,
Riemann ( $q$ $\sigma_{q}$
$u_{m}(x, y)$ Riemann , ).
, , ( )
, .
, $g_{2}(x, y)$ , Shephard-Todd $G_{13},$ $G_{15}$
(cf. [10, p.104]). , $g_{4}(x, y)$ , $\mathrm{C}[x, y]^{G_{8}},$ $\mathrm{C}[x, y]^{G_{9}}$
( $G_{9}$ [9, p.601] . $G_{8}$ $1_{\sqrt}\mathrm{a}$
). , $g_{2}(x, y)$ $\mathrm{C}[x, y]^{G_{6}}$
$1_{\mathit{1}}\mathrm{a}$ (cf.
[10, p.102] $)$ . , $G_{6}$ $GL_{2}(\mathrm{C})$ ,
ternary self-dual codes .
238
, $q=3$ . , $g_{2}(x, y)$ (
$q=3$ zeta ) $R=1/\sqrt{2}$ ( $q=2$ ) Riemann
.
, (1.4) Riemann ,
Riemann , ,
.
, (1.4) $\sigma_{q}$ (3.1) .
( $x$ $f.\Sigma$ ) .
$f_{m}(x, y)(x^{2}+y^{2})^{v}(x^{8}+14x^{4}y^{4}+y^{8})^{w}(v, w\geq 0)$ $\sigma_{2}$ , $u_{m}(x, y)(x^{2}+(q-1)y^{2})^{v}$
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